The theory of Blin-Stoyle and of Arima and Horie, in which the deviations of the nuclear magnetic moments from the single-particle model Schmidt limits are ascribed to configuration mixing, is used as a model to account quantitatively for the effects of the distribution of nuclear magnetization on hyperfine structure (Bohr-Weisskopf effect). A diffuse nuclear charge distribution, as approximated by the trapezoidal Hofstadter model, is used to calculate the required radial electron wave functions. A table of single-particle matrix elements of R 2 and R 4 in a Saxon-Woods type of potential well is included. Explicit formulas are derived to permit comparison with experiment. For all of the available data satisfactory agreement is found. The possibility of using hyperfine structure measurements sensitive to the distribution of nuclear magnetization in a semiphenomenological treatment in order to obtain information on nuclear configurations is indicated.
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I. INTRODUCTION
IT is well known that the strict single-particle model fails in explaining most nuclear magnetic moments, even with quenching of the intrinsic spin or orbital g values of the nucleons.l On the other hand, reasonably successful theories have been developed by BlinStoyle, 2 and Arima and Horie, 3 to account for the departure of the magnetic moments of odd-A nuclei by configuration mixing calculations. This configurational mixing theory will be referred to as CMT. We investigate the application of such a configuration mixing theory to a closely related property of the nucleus-the distribution of its magnetization, as it is manifested in the hyperfine structure interaction of penetrating electrons.
Bohr and Weisskopf (BW) have calculated the hyperfine structure interaction of sl/2 and pl/2 electrons in the field of an extended distribution of nuclear charge and magnetism. 4 Two important conclusions expected for a hypothetical point nucleus. Second, that the isotopic variations of nuclear magnetic moments, combined with the different contributions to the hfs of the orbital and spin parts of the magnetization in the case of the extended nucleus, allow for relatively large isotopic variations in the departure from a point hfs interaction. The latter point is consistent with the experimental observation 5 -l that the ratio of the hfs constants for two isotopes may, in some cases, be different from the independently measured ratio of the magnetic moments. The discrepancy in these two ratios is commonly referred to as the "Bohr-Weisskopf effect" or "hfs anomaly." Bohr 1 2 has treated this "hfs anomaly" within the framework of the collective or asymmetric model, and recently Reiner 1 3 has carried out calculations on the collective model, primarily in the region of the rare earths.
Most experimental data, however, lie in a region where the collective model is not ideally applicable. Furthermore the results of our experiments on the hfs of several Cs isotopes 10 (together with evidence for configuration mixing in the decay scheme study of Cs34 by Sunyar et al.' 4 ) pointed out the difficulty of accounting for the BW effect in them unless some detailed information about the nucleon configurations were included in the BW theory. We have therefore developed a formalism which considers configuration mixing effects, as used by Arima and Horie 3 and Noya et al. 5 and in turn makes possible the use of the BW effect in conjunction with magnetic moment data to give information on the admixed configurations. Modifications of the intrinsic nucleon g values can be introduced formally into the theory when such changes are expected to have a substantial effect, as is the case for the potassium isotopes.
II. EFFECT OF THE DISTRIBUTION OF CHARGE AND MAGNETIZATION ON HFS
Bohr and Weisskopf 4 have calculated expressions for the hfs interaction energy W of a nucleus of finite extent. For s 1 /2 or pl1/2 electrons there will be an hfs doublet corresponding to the two values of the total angular momentum F=j+, and they define W to be the energy by which the state F=j+ is displaced. j is the nuclear spin. Alternatively, if hv is the energy separation of the two states, then by the interval rule W=jhAv/(2j+1 X SzW f FGdr+D(t) , -FGdrN- (1) The spin asymmetry operator in (1) is given by the tensor product (of rank 1) D= -1(10) JS X C2] (1) , (la) where Ck= [4r/(2k+1) ]Yqk (0,c) , and Y is a spherical harmonic. It is equal to the bracket of Eq. (7) in BW as well as to the operator -(Sz)/, corresponding to Bohr's Eq. (2).12 The orbital part of the interaction is 16ire WL= 4-I drN `TN*gL(i) Lz(i) 3 N f Gdr+ -FGdr] iN. (2) as F " Ri3
The upper and lower signs in (1) and (2) refer to sl/2 and P1/2 electrons, respectively. The symbols are e, electron charge, R(XYZ) and r, nuclear and electron coordinates, respectively, *'N, nuclear wave function corresponding to the maximum z component of spin, F and G, Dirac electron wave functions for an extended nucleus, gs ( 0 ) and gL(i ) , spin and orbital g values of the ith nucleon, S and L nuclear spin and orbital angular momentum operators, A, mass number of the nucleus, By writing Wextended a Wpoint (1 + e),
and noting that for a point nucleus the interaction energy is given by letting Ri= 0 in the integral limits in (1) and (2) 
where #L is the nuclear magnetic moment. Equation (4) is the more general expression for e which corresponds to BW Eq. (19) as modified by Bohr' 2 [Eqs. (1) and (15)].
III. ELECTRON WAVE FUNCTIONS IN A HOF-STADTER-LIKE CHARGE DISTRIBUTION EVALUATION OF THE ELECTRON INTEGRALS
The functions F and G in (4) are to be calculated for a potential which corresponds to the actual nuclear charge distribution. This was approximated in BW by assuming a uniform distribution. We have found, however, that the electron integrals are noticeably sensitive to the model assumed for the distribution.' For this reason we obtained a series solution of the Dirac equation for a charge distribution which agrees better with the one indicated by high energy electron scattering 7 and other experimental data,' 8 and therefore should correspond more closely to the actual nuclear charge distribution.
We found that the solution of the equations was very complicated to handle for any of the three forms of the charge distribution given in reference 17. It may be shown that it is simple only if the entire charge distribution can be represented by a polynomial in r. The solutions can then be carried out as in BW, relying on the validity of the approximations in the normalization of F, G, to Fo, Go as stated by Rosenthal 
and Breit.' 9 We have therefore approximated the trapezoidal charge distribution p of reference 17 with the following polynomial in x (x=riRN, where
The dimensions c and za are shown in Fig. 1 
A plot of p for A-40 and A200 is given in Fig. 2 The sum over n results from the series solution of the Dirac equation. The values of the electron coefficients bs and bL (defined in the Appendix) are given in Table I for s112 and P1/2 electrons as a function of A and Z. Equation (A.12a) gives bD in terms of bs. A plot of these coefficients is shown in Fig. 3 . For comparison we also show the results obtained for uniform and surface charge distributions. 6 It is interesting to note that the magnitudes of the b coefficients tend to decrease the more the nuclear charge is distributed at larger distances from the center, reflecting the corresponding changes in the electron binding. Figure 4 compares the b coefficients for the S11 2 and P1/2 states for the charge distribution of Eq. (5).
We have investigated the effect on these coefficients of a modification of the approximate representation of the charge distribution Eq. (5)] in the form p=pO +p2X2+p 4 X 4 +p6X 6 which in fact gives even a slightly better fit to the trapezoidal distribution than Eq. (5)]. We find that the b coefficients for these two representations agree to within 2.5% for n= 1 and 2. The coefficients for n>2, which are small, are sensitive to such slight variations in p. Since at present there is no experimental evidence in favor of either one, these higher terms cannot be considered to have significance ._--~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1 328 flu in the result. As we will show in Sec. V, the evaluation of the radial nuclear matrix elements involves (Ro/RN) 2" , where Ro 0 = 1.20A t f and is the radial parameter involved in the nuclear potential well. If we take this factor into account, the n> 2 coefficients may affect the value of to about five percent. We note, however, that in the comparison with experiment we take the difference of for two isotopes (see Sec. VI). Therefore if and 2 are very similar, although their differences will be small, the effect of neglecting such higher terms will also be canceled to a large extent. On the other hand if the e are very different, as they would be if the two isotopes have different spins, then the difference will be large, and again the terms n>2 will have relatively little effect. The actual extent of such cancellations will depend on the specific properties of the isotopes under consideration.
IV. EVALUATION OF THE NUCLEAR INTEGRALS
'In Eq. (8) Ri2n
Explicitly for a nucleus of sin j, since the expecta value is to be taken with respect to a nuclear function having its maximum z component of spin require (writing only the angular terms in the follox (9) three parts)
where (jllMnlj) is the reduced martix element of Mn. (10) C is a Wigner coefficient.
In ignorance of the true nuclear wave function, (11) some approximate or model wave function has to be used, and in view of the success of CMT in accounting for magnetic moments, this theory is also used in the following calculations. The basic idea is to write the vave nuclear wave function T'N as where '0o (the zero-order state) represents a simple shell-model configuration and the H'I represent admixed configurations characterized by the variable i. For small mixing coefficients 3(i), the main deviation of the expectation value of M, from that given by the simple shell-model wave function will be that due t6 terms linear in 3(i) and the conditions that such contributions should occur is that tIo and T'I must differ at most by one single-particle state. In addition for MSL the orbital states must be the same (l=0), while for M D states differing by Al=2 may also be coupled.
We follow the classification and labeling of states suggested by Arima and Horie. Thus the zero-order state configuration is written as jP (J=j) , where p is the number of odd particles in the state j and no indication is given of the even numbers of nucleons coupled to zero angular momentum. These latter nucleons, however, play a crucial role in the configuration admixtures considered here since these admixed states are those in which a nucleon is excited from or to these states. There are three types of to be considered-referred to
Type I Excitation The zero-order configuration has p (odd) particles in state j, nl (even) in jl and n2 (even) in j2, the nl and n2 particles being coupled separately to zero angular momentum so that the total angular momentum J of the state is equal to j. Thus, symbolically, the state can be written
The admixed states of type I are then taken to be those in which a particle is excited from state j to state j2, each group coupling respectively to jl and j2, and the jl and j2 coupling together to J1 which couples finally with j to give J =j. The nuclear state TN can therefore be written, on including one such admixture,
Of course, the states jl and j2 are chosen so that the first-order matrix element of Mn is nonvanishing and so that the excitation involved is compatible with the exclusion principle. Using the results of Noya et al. specialized to our case, the following expression is obtained for the contribution of such a type I mixing to the reduced matrix element of Mn evaluated with respect to (15):
where 20 hlti (lojl,l2j2) and
The upper (lower) line in the bracket ( } must be used when the excited nucleon in the orbit jl is different from (similar to) the nucleon in the orbit j. The quantity ---(--1)it-i(j+ ) is to be taken with the + sign for excitations with AlI=0, and -sign for Al= 2 in Eq. (17).
In the above expressions, the admixture parameters fl(J1) have been calculated by straightforward firstorder perturbation theory using as the perturbing potential a delta-function interaction given by
where V, and Vt represent the singlet and triplet strengths of the internucleon interaction. E is the energy needed to excite a particle from the state j to the state j2, and (j1llM.llj 2 ) is the single-particle reduced matrix element of the operator Mn. Now for M" S L the only nonvanishing reduced matrix element to be considered here 21 is that for which the particle excitation is from jo=l + to j2=l 1-. However, for
M.D we can have both jl=l+ to j2=l--and also 20 According to our calculations, Eq. (3.7) of Noya et al. is in error by a factor (2j2+1)'. With our choice of phase in the reduced matrix elements, we also differ in sign in this equation. Our 0 is equal to their e. 21 There is also the possibility of an excitation to a state of the samej and value but different n value. Such an excitation would be through essentially two oscillator shells and because of the associated large value of AE such excitations are neglected. excitation which need as types I, II, and III.
j=l= I+ 1 to j 2 = --1 2 or vice versa. The reduced matrix elements of Mn in each of these cases can be constructed easily from the single-particle reduced matrix elements of Sz, Lz, and Dz given in Table II .
Using the foregoing relationships, we obtain finally for the contribution of type I admixtures to the matrix elements Mn the expressions given in Tables III and  IV , where the radial matrix elements g,(n 2 ,j 2 ,l 2 ; n 1 ,j1,l1) are given by g, (n2,j2,12; nl,jl,ll) 
Here the radial functions are those describing the ground and excited states of the single particle involved in the type I excitation; the evaluation of the ,n and also the estimation of the AE will be discussed in Sec. V.
Type II Excitation
In this type of excitation, the orbit j2 (of type I excitation) coincides with j. Thus the nuclear wave function, including a typical type II admixture, can now be written (21) where p and n are the numbers of odd and even nucleons, respectively. Using the same interaction as in type I and specializing the results of Noya et al. to 
our case, we have 
Type III Excitation
Here the orbit jl coincides with the orbit j (of type I excitation). The nuclear wave function including an admixture of this type can now be written and the appropriate reduced matrix element is
The contributions to M, resulting from this type of admixture are listed in Tables V and VII. and for j= l-2,
where in both expressions all the symbols have been defined previously.
2 4
Zero-Order Term
Finally an expression has to be given for the reduced matrix element of M, with respect to the zero-order function P(jP(j)J=j). Only the odd (p) particles will contribute to this matrix element and we obtain in a straightforward fashion Rev. 63, 367 (1943) . 23 C. Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954) .
V. RADIAL MATRIX ELEMENTS AND NUCLEAR ENERGY LEVELS
Evaluation of ,J(n 2 ,j 2 ,1 2 ; ni,jl,l,) and AE
In order to obtain values for the radial integrals n for two single particle states n 2 j 2 1 2 and njl 1 l, the following approach was adopted. The relevant singleparticle wave functions and energies were calculated for particle motion in a nuclear potential well of the Saxon-Woods type having the form I IV 1
Coulomb effects were taken into account by assuming that the protons also moved in the potential of a charge distribution p(R) of the form
so normalized that the resulting Coulomb potential
2 The subscript n is used variously denoting in the nuclear radial integrals the principal quantum number, in the angular matrix elements, numbers of particles, and thirdly the terms arising from the series expansion of the Dirac equation. The particular meaning is obvious from the context. A 1 = 1.40X 10-13 cm-1.
These values lead to an approximately correct ordering of the single particle neutron and proton energy levels. We adopt the values of E as given by Horie and Arima 25 who discuss their determination in detail. Our parameters are thus consistent with the ones used in their magnetic moment and electric quadrupole calculations. The pertinent energy denominators are reproduced in Table VIII. The calculations of the wave functions, energies, and finally the radial matrix elements were carried out on the Mercury computer at Oxford using a program due to Dr. L. M. Delves.
The radial integrals required are of the form
where RN is the full radial extent of the trapezoidal charge distribution and is defined in Sec. III. In the machine calculations, the actual radial integrals calculated were
where Ro is involved in expression (27) for the nuclear potential distribution. Thus a. and g.' are related by 
Values of V, Vt, and I
In estimating the values of these three parameters, we follow the procedure of Arima and Horie and take IVtl 1.51 V 1. We further ignore the dependence of the integrals I [Eq. (18)] on the quantum numbers involved and only take into account the approximate mass dependence of I. The value of the product VI is related to pairing energy data and, following Arima and Horie, we take VI= -25/A Mev.
VI. COMPARISON WITH EXPERIMENTAL RESULTS AND DISCUSSION

General Expression for e
We now consider the general form taken by e when many admixtures of different types are contributing. By Eq. (8),
where M, is the operator defined in (9), and where. IkN may contain the three types of admixtures described. It must be remembered in this connection that there may be several different admixtures of each type contributing. Now it is of interest and of some practical use to write down in a semi-symbolic way the form taken by -E taking into account all of the possible first-order admixtures investigated. Referring to Tables III through VII, and Eqs. (25) 
~~·~-1~·_·__-l-m-LI Here the suffix s.p. stands for "single particle" since the contribution to -e from these terms alone is just that which would be obtained for a single-particle shell-model description.
a-'. oo(i)[((bs)2()g4(i)+ (bs)4(7)
The aro and a2i refer to Al=0 and Al=2 excitations respectively, the label i designating a particular admixture. Their values could be written down explicitly by referring to Tables III through VII but this will not be done here. Finally the 9,(i) are the relevant radial matrix elements [Eq. (20) ] for the ith admixture and gs(i) and gL(i) are the g factors for the excited particle in this admixture.
It is to be noticed that in terms of the parameters a, the theoretical value for the magnetic moment resulting from admixtures of the above type is
Mth=tS s.p.gS+aL s.p.gL+i O(i) (gS()-gL(i)).
(36) Now, as can be calculated, the Al= 2 contributions are generally small. Thus if, for example, there is only one likely Al=0 admixture, i=k (say), then ao(k) could be determined empirically by requiring that th of (36) agrees with the experimental value of u. The ao(k so determined could then be used in (33) to obtain an empirical value for -e. Alternately, if there are two likely admixtures, we can use the magnetic moment and the "hfs anomaly" data for the determination of their contributions. Both of these methods and the direct computation of will be used in the following investigation of the experimental cases.
Experimental Data
The comparison of the theoretical value of e with that obtained experimentally is usually not made directly through the relation of Eq. (3). This is because Wpoint would have to be calculated to a precision of better than 0.1% in order to compare it meaningfully with the experimental result, Wextended. In practice this is not achieved except in light nuclei, which we do not consider here, and we compare therefore the ratio of the measured values of single electron magnetic interaction constants for two isotopes with the independently-measured ratio of the nuclear g values.
The latter would correspond to the ratio of the point interactions (since these measurements are performed in a uniform magnetic field, and are therefore insensitive to any departure from a point magnetic moment), in most cases to a degree of accuracy much better than. is required for the above comparison. In view of this, only the part of the Rosenthal-Breit-CrawfordSchawlow correction 2 7 which affects the Bohr-Weisskopfeffect through the variations of the charge distribution between isotopes is included. This is obtained formally by using in the calculation of E electron coefficients b which are functions not only of Z and a value of A which corresponds, for example, to the most stable isotope, but actually b (Z,A) . In the case where the magnetic moments are very nearly equal and the spins identical for the two isotopes, the Breit-Rosenthal point-magnetic moment correction may however still predominate.
28 Consequently, for one-electron spectra, using the relationship between W and hv (the hfs separation energy between the two states F+=j+2 and F_=j-, with the electron angular momentum J= 2), we find 1 0 for two isotopes 1 and 2, using Eq. (3),
or as Av=aF+, where a is the magnetic dipole interaction constant in the Hamiltonian, and neglecting terms other than linear in E,
The comparison with experiment is therefore via Eq. (38). It is clear that if we deal with a spectrum of more than one electron, the contribution of the single Sl/2 or Pl/ 2 electron first has to be separated out properly from the measured magnetic interaction constant. Schwartz 2 9 has pointed out that in the case of p electrons a number of important corrections have to be applied before a value of A can be obtained. These involve screening effects as well as configuration interaction influences. In particular he shows that such configuration interactions can lead to hfs anomalies for a P3/2, and in fact any electron. Thus for other than s electrons, in view of these possible ambiguities, the comparison of the experimental data with our calculations may be subject to significant modifications. The experimental results are given in Table X .
Discussion of the Experimental Cases
In ----TABLE X. Experimental data of magnetic moments (), g-value and hfs interaction constant (a) ratios, and Aexp= (alg2/a2gl)-1-; this is the quantity which is compared to the theoretical calculation, Ath= -e-2. The atomic state in which the hfs was measured is also given. In the cases of spectra of more than one electron the a-value ratios indicated may not be equal to those of single s or p electrons and reference should be made to the literature for a proper interpretation. Consideration should also be given to electronic perturbation effects (see text) in the case of p states. For a review of the experimental techniques, as well as that of the Bohr-Weisskopf effect and our early work see J. Eisinger and V. Jaccarino, Revs. Modern Phys. 30, 528 (1958 (pl/2).
(A.15)
The b coefficients in Table I were calculated with these formulas, together with Eqs. (5a), (6) 
